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TOM TAT

Gidi tw do hitu han la mét van dé duwoc trinh bay trong khé nhiéu cubn sach vé Pai s6 dong diéu,
van dé nay duoc J. Herzog téng hop mot céch réat hé théng trong bai viét “Gidi tw do hiru han”. Bai
gidng cua J. Herzog da dwa ra nhiing két qua rat hay vé tinh chét cia mét module khi cé gidi tw do
hitu han. Trong bai bdo nay, téi trinh bay phdn mé dau cua bai gidng “Sé chiéu xa dnh va dé séau
module; phirc Koszul”. Phan chiéu xa énh va dé sdu module dwa ra cac céng thire dinh Ii vé chiéu xa
anh, depth; phan phirc Koszul chi trinh bay cac khéi niém, két qua co ban nhét du dé gidi quyét bai
toan “Trén vanh chinh quy moi module hiru han sinh déu cé gidi tw do hiru han”. Vi muc dich trinh
bay lai mot cach cé hé théng, ré rang cac kién thirc ma téc gid da st dung va ching minh céc ménh
dé, hé qua ma tac giad da néu ra nhung khéng chirng minh, dé ngudi doc cé thé tiép can gan hon bai
gidng ctia 6ng va noéi dung vé giai tw do hiru han.

T khéa: day khop; dbéng cau; module; phép gidi; xa &nh.

1. DAT VAN DBE

Dé& nghién clru mot cach tdng quat réng khi
nao mét module cé gidi tw do hibu han la rat kho,
ta chi c6 thé tra & cau hdi nay véi nhivng module
trén moét sé vanh dac biét nhw vanh Noether dia
phwong, vanh phan bac. Bai giang “Gidi tw do
hiru han” ctia J. Herzog da dwa ra nhirng két qua
rat dep vé tinh chat ctia mot module khi ¢co gidi tw
do hitru han, xem ([1], [2], [3], [4]). Bai giang da
dwoc trinh bay tai ltaly nam 2004 va tai Ha Noi
ndm 2006. D& nguwdi doc hiéu rd hon cac noi
dung trong bai gidng clia 6ng va vé giai tw do hiru
han, toi trinh bay lai phan m& dau cla bai giang
nay.
2. NOI DUNG
2.1. S6 chiéu xa anh va d6 sau module

Pinh nghia 2.1.1. Gid s* M la mét R -
module, sé chiéu xa dnh ctia M trén R ki hiéu
la proj dimgM durgc cho béi: proj dimgM = n néu
M cé mét phép giadi xa éanh c6 dé dai la n, tirc
1a: C;= Ov&imoii > n va C,# 0 van la sé nguyén
bé nhét thod man diéu kién nay.

Néu khéng c6 s6 n nao vay thi ta néi:

proj dimpM = oo

Vi du 1.1.2. Néu M la R — module xa anh thi
proj dimgM = 0.
Nf“éu R=ZR=ZR=17, vd M = 2Z, . Xét dbng
cau:

p:Zy — 524
X P 2X
Ta c6 Im(p) = 2Z, = Ker(p) nén cd khop :
0 27, > 7, 577, - 0
Xét gii:

yl A2 D —
iDLy DLy . oLy > 274~ 0

Vé&i A = i,p, day la gidi xa anh cla M = 2Z,
trén R = Z, cho nén proj dimgrM = oo

Ménh dé 2.1.3. Moi module M trén R déu cé
mot phép giai tw do.

Chiing minh. That vay, tén tai F, la R —
module tw do sao cho ta cé day khép ngan :

0 My 8 F, B M- 0

V&i module M, ciing ton tai F; la R — module
tw do dé c6 day khép ngén:

0 M, 3F BM, -0
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Béng quy nap ta suy ra v&i moi sb nguyén n
> 0 ta c6 mot day khép ngan:

®n Bn
0->M,-»F,-M,_; >0

trong dé F,, 1a R — module ty do. Xét mét day:

On+1 On
Co2Cpn— GGy

nhirng module trén R ma:
{M néun= -1
Ch=14 Fonéun=0
Onéun< —1
Bonéun=10
vao, = {an_loﬁn néun >0
Onéun<0

Dé chirng minh C 1a phép gidi xa anh ctia M
ta con phai chirng minh n6 la day khép. Tice la:
Im(o,.,) = Ker(o,) v&imoin >0 .

Vi o, la don céu va B, la toan céu véi moi
n >0 nén ta cé:

Im(oy,41) = Im(a,) = Ker(B,) = Ker(oy)
v&i moin = 0.

Nhw vay ménh dé dwoc chirng minh.

Dinh li 2.1.4. Gid st* m la mét s6 nguyén
khéng &ém. V&i mét module tay y M trén R va tw
déng céu déng nhét i:M — M, céc phét biéu sau
twong duong:

i) M ¢6 sb6 chiéu xa dnh nhé
hon hodc bang m.
i) Ext™1(M,Y) = 0 v6i moi

module Y trén R .
iii) Moi day khép:
0-A4-Cpoi” 22 C—>M->0
v6i Cy, Cy, .., Cn_1 1@ cac module xa anh trén R,
module A la xa anh.
Chirng minh. Ta chirng minh theo so d6i =
nN=1=1.
i = ii)
Gia st proj dimgM < m. Khi dé toan tai phép
xa anh C:

On+1 On-1
w2 G — G — Gy

cta Mma C,= 0,vn >m. Do dé day:

Hom(op,i)

Hom(C,_;,Y) —— Hom(C,,Y)

Hom(oy41.1)
>

Hom(Cpyy,Y) =

Sé cod
Ext"(M,Y) =
Ker[Hom(o,4,1)]/Im[Hom(c,,i)] = 0, Vn > m.

Chon =m + 1 thi Ext™*1(M,Y) = 0.

i = iii)

0—>A—f>Cm_1E...—>C1—>COgM—>O

la khép nén:
1 0-A —f> Cm—1—Dp—z = 0.

la khép véi D, = Im(oy,_1) = Ker(op_2).
Twong tw c6 cac day khop:

2) 0-Dyy—-Chp—>Dyp3—0.

(m1) 0-D;—>C;>Dy—0.

(m) 0-Dy—>Cy—>M-0.

Do Ext(Cp_1,Y)=0vVi Cyu_qla xa énh

nén (1) cho ta day khép:
.. > Hom(C,,_;,Y) » Hom(A,Y)

% Ext(Dy,_y,Y) — 0.
Vi thé &, la mot toan cAu.
Ciing do tinh chat Ext™(B,Y) = 0,vn > 0
néu B 1a module xa anh nén (2) cho ta day khép:

0 > Ext(Dy_y, Y) 2 Ext?(Dy,_s, Y) = 0
Suy ra  6;:Ext(Dp_,,Y) - Ext?(Dy,_3,Y) la
dang cau.

Twong tw nhw vay dén buéc thlr m ta co:

8m—1: Ext™™1(D,,Y) - Ext™(M, Y) |a dang c4u.

Dod6 8 = 8,_10 ... 8108, 1a Mot toan cu. Nhw
vay ta c6 day khép:

Hom(C,,_1,Y) = Hom(A,Y) i Ext™(M,Y) - 0

Gia st k: B —» Clamot toan cu batki. Thi p =
Hom(j, k): Hom (4, B) = Hom(A, C)la toan cau.
Vi trong biéu db:
Hom(Cp,_4,B) » Hom(A,B) — Ext™(M,B) - 0
a B y

Hom(Cp,_4,C) = Hom(A,C) —» Ext™(M,C) = 0

¢6 C,—q l& xa @nh nén « la toan cau.

Néu D = Ker(k) thi ta c6 day khép ngan:
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ik
0-D->B-C—-0
Nhw vay ta lai dwgc day khép:

— Ext™(M, B) 5 Ext™(M, C) — Ext™*1(M, D)

Theo gia thiét Ext™*1(M, D) = 0 nén y la toan
cau. Suy ra B toan cau. Vay A la module xa anh.

iii = 1)
Gia st C la mot phép gidi xa anh bat ki ctia M:
G > Cpypq > Cp > Cpyg =
bat A =Im(op,) thi:
0-A->Cp12—>C->C>M-0

la khép nén A la module xa anh. Vay day la phép
gidi xa anh ctia M. Do d6: proj dimgM < m. Dinh
li dwgre chirng minh xong.

Hé qua 2.1.5. Ki hiéu C la phép gidi xa anh
cta M khi do:
proj dimgM = inf {n: Ext™(M,Y) = 0,Vm > n, VY}

= inf {n|3(C):C,, = 0,Vm > n}

Binh li 2.1.6. Cho (R,m) la mét vanh Noether
dia phuong, M la mét module hiru han sinh. Khi
do proj dimgM < n & Tor,,1(M,N) = 0 v&i moi
N la R — module.

Chirng minh. Chiéu thuan la hién nhién.

D3ao lai: Gid st Tor,,;(M,N) = 0. Xét mét day
kh&p bat ki cac R — module:

0 Koy = Xy 25 Xg = 0 3% M0

Véi cac X; la cac module xa anh, ta ching
minh K,_, 1a xa anh << K,_; la module ty do
© Tor(K,_1,N) =0.

bat K; =Kerd;, v&imoi i=0,1,...,n—2. Ta
c6 cac day khop:

(1) 0-Ky—=Xp>M-0

(2) 0-K; =X =2Ky—=0

(n) 0-Kyg = Xpg 2 Kp2 >0

Khi dé dwa vao diéu kién X; la module xa anh
ta sé co:

Torp,.1(M,N) = Tor, (Kg, N).
Tor,(Ky, N) = Tor,_,(K;, N).

Tor,(K,_,, N) = Tor(K,_;,N).

Nhw vay: Tor(K,_4,N) = Tor,;1(M,N) =0 .
Nén K,_; la module xa anh.

Theo dinh li 21.4, suy ra proj dimgM < n.

Hé qua 2.1.7. V6i céc gia thiét nhw (2.1.6) ta
c6: proj dimgM < n & TorR, ;(M,N) = 0.

Cu thé hon proj dimgM 1a sb nguyén n Ién
nhéat dé TorR,, (M, k) # 0.

Ta néix € R 1a mét phan tr M — chinh quy
néuxz=0voizeMthiz=0.

Pinh nghia 2.1.8. Mot day x = xy, %y, .., Xy,
céc phén tir cia R duoc goi la mét M — day chinh
quy hay don gidn la mét M — day néu céc diéu
kién sau duwoc théa man:

i) x; la moét phan to M/
(%1, %2, <o, x;_1)M -chinh qui v&i moi
i=1,.., n.

ii) M/xM =+ 0.

Pinh li 2.1.9. Cho R la vanh Noether va M la
R — module hitu han sinh. Gia st | la mét ideal
théa man IM + M, thi hai M — day I6n nhét bat ki
chtra trong | co chiéu dai bang nhau.

DPinh nghia 2.1.10. V&i céc gid thiét cua
(2.1.9), chiéu dai cia M — ddy Ién nhét trong |
dwoc goi la bac cua | trong M, ki hiéu la:
grade(l,M).

Ta cidng dinh nghia gradel = grade(l,R) =
grade(R/l).

Trong trirong hop | = m ta goi bac cua m trong
M la depthM.

Nhén xét:

1. grade(I, M) = min{i: Extk (R/I, M) # 0}.

2. gradel < proj dimR/I.

T d6 ta thu dwoc két qua sau:

Dinh li 2.1.11. Gia st | la mét ideal cta R khi
dé:grade(l,M) = 2 khi va chi khi dong céu tw
nhién M - Homgz (I, M) la mdt dang cau.

Pinh li 2.1.12. (R, M) la mdt vanh Noether dja
phuwong, va mét ddy khép ngan cac mudule hivu
han sinh trén R:

0-A-B-(C-0
Khi do ta sé cé:
1. depthB = min{depthA, depthC}
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2. depthA > min{depthB, depthC + 1}
3. depthC = min{depthA — 1, depthB}

Chirng minh. Tt gia thiét ta c6 day khop:

... » Extl-1(k, C) —» Exth(k,A) - Exth(k,B) >
Exth(k,C) — Exti'(k,A) » -~ Nhw vay néu
Extk (k,C) = Exti*(k,A) = 0 thi
Extk (k, B) = 0. Nén ta c6 ngay khang dinh (1). Cac
khang dinh (2) va (3) hoan toan tvong tu.

Hé qua 2.1.13. Trong b6 dé trén néu
depthB > depthC thi depthA = depthC + 1.
2.2. Phirc Koszul

Dinh nghia 2.1. Cho n phan t& x,, %, ...
R, va ki hiéu x = {x4,X5, ..., Xp} -

Gia st F la m6t R — module tw do ¢c6 co s&
{e1, ey, ..., ey} thi thanh phan thudn nhét the r cla
dai sb ngoai A"F la R —module tw do hang CL v&i
cosd{e A..Ae} 0 do:

X, €

1<i; <ip, <+ <i <n.
Ta ki hiéu K. = A"F. Anh xa vi phan
d: K, - K,_; cho b&i cong thirc:

d (eil FARWAY eip)
p
= Z(_l)r_lxir e, N AELA LA
r=1

Néu P =1 dat d(e;) = x; . Khi d6 phirc Koszul
K. (x) dwogc dinh nghia nhw sau:

K(2) o Ky S Kyt S 5K 5K -0 (1)
trong d6 Ko =R,K, =0néup>nvavoil<p<
n thi K, = APF.

Néu cho C 1a phtrc cac R —module, ta ki hiéu
C(x) =K.(x) ® Cva ki hieu K. (x,M) =K. (x) ®
M .

DPinh li 2.2. Cho C la phtrc cac R — module,
céc phén tirx € R va day khop:

0-C—->Clx)»C'-0
trong do, Cy,.1 = C, , anh xa vi phan trén €’ tring
v&i anh xa vi phan trén C. Khi do ta c6 day khép
dai cac R — module dong diéu:
. Hp(C(x)) - Hp(C(x)) -

-1)P71(x)
o Hyp (C) ——

Hp1(C) = -

Hé qua 2.3. Cho x4,X,,...,X, €R ta c6 day
khdp dai cac module dong diéu:
o ™ Hy (X4, X5, w0, X1, M) = Hp (X4, Xg, or, X, M)

-

Hy_1(Xy,Xg, ., Xp—1,M) = -+ Ching minh. Ap
dung dinh li trén v&i C = C(xq, X3, ..., Xp_1) -

Dinhli2.4. Gia str x4, X, ..., Xy 1a mot M — day,
va X = K(M,x4,X5,...,X,) la gidi Koszul cia M
trén x4,X,, ..., Xy, thi:

H(x)=0;vi>1 (1)
Ho(0) = 2)

Chirng minh. T dinh nghfa vé phirc Koszul

cla M trén x4, X5, ..., X, ta c6 day khép sau:
dp d;  do M
K. (x,M):0 - X, - ...ﬁxoam -
(VoI X; =K, ®@M,Vi=1,n)

Chinh vi thé (2) dung.

Ta chirng minh (1) quy nap theo n.

Khi n = 1 ta ¢6 H;(x{,M) = Anny(x,) =0 .
Gia st dinh li dung v&i moi k < n, ta chirng minh
dinh li cling dung v&i n.

0

Khi p = 1, theo hé qua trén ta c6 day khép:

0 — Hy(Xq,X5, oo, Xp, M) = Ho(%4,X5, ..., Xp_1, M)
3 Ho(X1,X32, o) Xp—1, M)

bat M; = M/(x4,Xs, ..., x))M , theo hé qua (2)
ta co6 M,_; = Hy(xq,X3, ..., Xp—1, M). Vi x, chinh la
M,_; - chinh quy nén dong cau nhan véi x, clia
day khép trai trén la don cau. Vay

H, (X4,X3, ..., Xp, M) = 0.

Khi P > 1 theo dinh li trén ta c6 day khop:
o Hp(xl,xz, vy Xp—, M) = Hp(xl,xz, ey X, M)
= Hp_1 (X4, Xg, o) Xp—q, M) = -

Theo gia thiét quy nap:
Hp (X4, X2, o) Xp—1, M) = 0
va Hp_1(X1,Xp,...,Xp—1,M) =0 nén ta suy ra
Hp (X1, X3, .., X, M) = 0.
3. KET QUA VA THAO LUAN

Trong bai bao, tac gid da trinh bay lai ndi

dung: sb chiéu xa anh, dd sau module va phirc
Koszul. Bwa ra cac dinh nghia, chirng minh cac
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dinh li va hé qua gitp nguwoi doc tiép can mot
bwéc gan hon véi nhivng van dé trong bai giang
clia J. Herzog.
4. KET LUAN

Bai bao gop phan lam cho ngudi doc tiép can
mot bwdc gan hon véi nhitng van dé trong bai

gidng clia J. Herzog. Céac kién thirc t6i st dung
déu dwa trén nhirng khai niém rat co ban vé
module Noether va vanh dia phwong, tuy nhién
c6 nhivng chirng minh kha li th, cho ching ta két
qua hay, cac dinh li nhdm muc dich giai quyét ré
rang nhirng ndi dung ma J. Herzog dwa ra.
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ABSTRACT
Finite free resolution is a problem presented in quite a few books on Homomorphic Algebra, this

problem is systematically summed up by J. Herzog in his article: Finite free resolutions. The lecture
by J. Herzog gave very good results on the properties of a module when it has finite free resolution. In
this paper, | present the introduction of the lecture: number of projective dimensions and module depth;
Koszul complex. The projective dimension and depth module gives theorem formulas about the
projective dimension, depth; The Koszul complex part presents only the most basic concepts and
results to solve the problem: On a regular ring, every generated finite module has finite free resolution
(later part of the lecture). For the purpose of systematically and clearly restating the knowledge that
the author has used and proved the clauses and consequence that the author has stated but not
proved, so that readers can approach than his lecture and the content on finite free resolution.

Keywords: Joint series; Homomorphic; Modules; Solution; Projective.
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