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TOM TAT

Trong bai viét, téc gid trinh bay céng thirc khai trién Taylor, trong d6 cé khai trién Taylor ciia ham
hop, céc tinh chét mé réng cta vé cung bé. Céac ly thuyét trén la co s& dé téc gid trinh bay I0i gidi cla
mét sé bai toan tinh gidi han phirc tap. Tir d6, ngudi doc c6 phuong phép gidi dwoc mét 1op tuong dbi
réng céc dang bai tép tinh gi6i han tir don gidn dén phirc tap, trong dé mét s6 bai khéng thé gidi duoc
bang cac phuong phép théng thuong nhw str dung quy tac Lopital, phuong phép st dung ham tuong

duwong,vo cung bé.

Ttr khéa: Chubi Taylor, hitu han, ham tuong duong, ham hop.

1. DAT VAN BE

Tinh gi¢i han ham sé la mét trong cac bai
toan co ban cua giai tich. Noi t&i phwong phap
tinh gi¢i han, nguoi ta thwong ndi téi quy tac
Lopital va phwong phap s&¢r dung ham twong
dwong, vd cung bé. Tuy nhién, v&i mot sd bai
toan phurc tap, khong thé st dung phwong phap
thong thwong trén. Trong bai bao nay, tac gia bai
viét trinh bay hé thdng cac ly thuyét vé tinh gidi
han bang cach st dung chudi Taylor, két hop véi
kién thirc vé ham twong dwong, v cung bé va
chi ra méi lién hé cta cac khai niém trén, gitp
ngudi doc co thé ap dung cac ly thuyét trén nhw
mot cong cu da nang dé tinh gidi han, co thé ap
dung nhanh cho hdu hét cac dang bai tap, dac
biét cac trwdng hop phire tap khoé co thé ap dung
phwong phap théng thwong.
2. PHUONG PHAP NGHIEN CUU
2.1. Chubi Taylor va chuéi Mac Laurin

Gia st ham sb f(x) cd dao ham moi cép trong
mot 1an can nao dé cdia diém xo. Ta goi chudi

2, £
Fo = Y LT
n=0

n

la chudi Taylor clia ham f(x) tai x,.
Trwong hop x, = 0, ta cd chubi Mac Laurin.

Néu chudi Taylor clia ham sé f(x) hdi tu va c6
tdbng bang f(x), ta néi f(x) khai trién dwoc thanh
chudi Taylor va c6 thé viét

FG0 = o) + 50 Gy
@
+ fz—(IXO) (x - xO)Z +

Khai trién mot sé ham so' cap thanh chudi Mac
Laurin :
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2.2. Tinh chét vé6 cung bé

Dé don gian, trong cac tinh chét trinh bay
sau day, ta quy woc khi viét 0(f(x)) =
0(g(x)),x > a, ta hiéu l1a VCB bac cao hon
f(x) khi x = a cling la VCB bac cao hon g(x).
Tinh chat 1. Néu m,n € N*, m>n
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thi (x —x0)™ = 0[(x — xo)"].
T day ta co két qua sau:

Néu f(x) khai trién dwoc thanh chudi Taylor tam
Xo

f(x) = fxo) + g (x — x0)™ + az. (x — x0)™

+ eee

oo Fag. (x — xg) + -
(i EN" a1 <y < < pe).
Khi d6 ta c6 thé viét:

f(x) =’f(x0) + ay. (x — x0)™ + 0((x — x0)™).
Tinh chat 2. Néu f(x) la VCB bac cao hon g(x)
khi x - a va Clahang sothi C. f(x) cinglaVCB
bac cao hon VCB g(x) khix — a.

Dé don gian, ta c6 thé viét
O(C.f(x)) = O(g(x)),x - a.
Tinh chét 3.
O[C.f(x) + O(f(x))] = O(f(x)),x - a.
Tinh chét 4. Néu g(x) la VCB bac cao hon VCB
f(x) khix - a thi véimoim € N* ta co
[F G+ gI™ = [F COI™ + o([f ()™
Tinh chét 5.
Gidstrkhix - 0
f(x) =ax™+0(x™),g(x) =bx™+0(x™),a,b

=0
Khi do
a)Néu n = m thi
ACONN
#20g(x) b
b) Néu n > m thi
f(x)
e
f) _

C)Néu n<m thilim==
x-090()

Chirng minh.

a) Voin=m,tacod f(x) =ax™+ 0(x").
Chia ca t&r thirc va mau thirc cho x™ ta dwoc
(x) (ax + O(x") bx™ + O(x")> a

lim =—
x—0 xm xn b
ax™ + O(x’") bx™ + 0(x")>

x
b)lim——= = lim(

=,=0.

c) Theo b) ta co hm

Tinh chét 6.

a) f(x)~g(x),x — a thi

gx)=fx)+0(x—a),x - a.

b) f(x)~g(x),g(x)~h(x) ,x > a

thi f(x)~h(x),x > a)

2.3. Khai trién ham hop thanh chubi Taylor
Cho hai ham f(x) va g(x) trién duwoc thanh

chudi Taylor & lan can x = 0 c6 khodng héi tu 1an

lwotla (—ry; ) va (—ry; 1), Gid st

gE;—O, tr do6 suy ra

f()’) =ag+a.y+ az.yz + 4 an_yn + o
g(x) = by + by.y + by.y? + 4 by y™ + -
Khi d6 , néu

|g()| = |bo + b1.y + by.y* + -+ b y™+... |
<n
thi chudi
2
ag+a;.g(x) + a,. (g(x)) + - 4ay. (g(x))n
+ e

héi tu v& ham f(g(x)), tirc 1a c6 thé viét

2
f9(x)) = ao + ar. g(x) + az. (9(x))" + -+
+a,. (g(x))n + - (6)

(6) la co s& ly thuyét gitip nguoi lam toan co thé
tinh dwoc gidi han clia ham hop, khi ma khong thé
str dung phwong phap thdng thwdng.

Trong cac bai toan dwoc trinh bay duwdi day, khi
noi vé cac ham 1a vé cling bé ma khong nai gi thém,
ta hiéu cac ham dé la vé cuing bé khix — 0.

Bai toan 1
Tinh gi&i han
sm 1+x3—sinl
SOV = Zalncosx —1
Giai.
Cach 1.
siny1+x3—-1
Vitad+1  V1+x3-
= 2cos > .sin >

Ta co
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CVI+x3—-1 V14x3-1

sin

2 2
Do do6
CV1+x3-1 X3
sin 5 T
Laicé

1
V1 = 2xIncosx — 1~§ (—2xIncosx).

2

_ PR L DU
(In(cosx) = In (1 2sin 2) >
Vay ta co:
Y1 —2xl Wi
xlncosx z 5 )
hay VY1 = 2xIncosx — 1~x?3 (7)

Thay thé VCB twong dwong ta co
. sinv1l 4+ x3 —sinl
lim -
=031 — 2xlncosx — 1
2c

V1i4+x3+1 x3
0s ————-F

= lim 4
x-0 1 3
=X
5
3
. 2c0s17- 5
= lim— =-.cos1.
x>0 ox3 2
Cach 2.

Xét khai trién cla ham z=siny tai y=1
siny = sinl 4+ cos1l.(y — 1) + 0(y — 1).(8)

Tw (5) ta cod

Vi+x3=1 +%x3 + 0(x3).

Chubi (2) c6 ban kinh héi tu bang +w nén ap
dung tinh chat 2 va tinh chét 3 ta c6

1
siny 1+ x3 = sin <1 + §x3 + 0(x3)>

1 1
= sinl + cos1. [Ex"’ + 0(x3)] +0 <§x3 + 0(x3)>

1
siny 1+ x3 —sinl = Ecosl.x3 + 0(x3).
Tw (7) ta cod

y sinv1l + x3 —sinl
im
x~>03/1 = 2xlncosx — 1
%. cos1l.x3 + 0(x®)
= lim =
n-0 1

§x3 + 0(x3)

= gcosl. (Ap dung tinh chét (5))

Trong cach 1 cla bai toan 1, dé s dung cép
ham twong dwong can c6 sw bién dbi biéu thic
(cobng thire cong trong lwgng giac), cach 2 tac gia
da trinh bay phwong phap khai trién ham hop
thanh chudi Taylor ma khéng can phai st dung
phép bién déi.

Tuy nhién, v&i bai toan 2 sau day thi ngudi
lam toan khé co thé tinh dwoc bing phwong
phap théng thwéng nhw st dung quy tac Lopital,
phuong phap thay thé cap ham twong dwong
hay dung bién dbi biéu thirc trwdc khi thay thé
cap ham twong dwong nhuw bai toan 1.

Bai toan 2. Tinh

Invcosx — x?

lim

. 2
X0 [cos,/l +in(x+1)— cosl]

Giai. Taco
x2
cosx=1-— -+ 0(x?).
Vi ban kinh hoi tu cia chudi (5) béng 1 va v&i moi
x trong lan can dinhé cta0, —1 < cosx < 1 nén
ap dung cong thirc khai trién Taylor ham hop ta
co:

Veosx =1+ % [—%2 + O(xz)] +0 [_x; + O(XZ)].

Ap dung tinh chat 3 ta co
2

x
Veosx =1— =t 0(x2).

Vi ban kinh hoi tu ctia chudi (4) bang 1 va
vé&i moi x trong lan cén dd nhé clta 0, , -1 <
Vcosx < 1 nén ap dung khai trién Taylor hittu han

cla ham hop ta cob ln\/cosx=ln[1—§+
0(?)| = =2+ 0(x?) +0[-Z + 0(x?

@)] = - +0G?) +0[-Z + 0.

Ap dung tinh chat 3 ta cé:

Invcosx = =%+ 0(x2).

Vay
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tnJoosE — 52 = _ST"Z +0(x2). lim Invcosx — x? _
) 2
0 [coswll +in(x+1)— cosl]
Tuong tu ta co: 5.2
X
1+n(x+1)=1+x+0(x) i —Tl+0(x2) _ -5
x-0 . sin21’
JI+tinGx+ 1D =J1+x+0() sin?l.zx? +0(x?)
1 . . 2 _
=1+ s (x +0(x)) + 0(x + 0(x)). 3. KET QUA VA THAO LUAN
Suy ra Trong bai bao, tac gia da trinh bay tinh chét,
1 &ng dung ctia khai trién Taylor, trong d6 c¢6 khai
Vitin(x+1) =1 +§ x+00x) trién Taylor cia ham hop va cac tinh chat mé

Khai trién Taylor ham sé z = cosytaix =1 ta rong clia vd cling bé, 1a co s& ly thuyét giap
€6 cosy = cos1 —sinl.(y = 1) + 0(y — 1). nguwdi doc cé cdng cu hiru hiéu dé gidi cac bai
Suy ra toan tinh gi¢i han phirc ( dac biét khi xuét hién

— 1 ham hogp). Nhirtng bai toan nay, mac du da s
COS( 1+ in(x+ 1)) - cos (1 +§x + O(x)> - dung cac phuong phap (rng dung giai tich kha
hién dai nhw quy tac Lopital, phuwong phap st

1 1 . - i
= cos1 — sinl. [Ex + O(x)] +0 <§x + 0(x)>. dung cap ham twong dwong déu dan dén l&i gidi
qua phtrc tap hoac khong giai dwoc.
Do 46 4. KET LUAN

1 Sau khi doc 10i gidi hai bai toan, dac biét bai
cos (V 1+ n(x+ 1)) = cosl— Sml'fx +0(x). toan 2, ngudi doc cé thé hinh dung ra phwong

cos (\/m) — cosl = —sinl.lx +0(x). Phap tdng quat dé giai cac bai toan tintj gi6i han
2 phirc tap. Tt d6, ngwdi doc cling cé thé dé dang

dé xuét dwoc cac dé bai toan tinh gi6i han tir don

Ap dung tinh chit 4) trong muc 2.2. ta ¢6 ;
gian dén phtrc tap va c6 mot phwong phap twong

2
|cos (V1+in(x+1)) — cos1]| d6i da néng d& giai duoc hé théng cac bai toan
= sin?1.5x% + 0(x?) _ tinh giGi han do.
Vay
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ABSTRACT:

In the article, the author presented the Taylor expansion formula, Taylor expansion of the composite
function, the properties of small ifninity. Based on the above theories, readers can have a theoretical
basis to solve a relatively wide class of limit calculation exrcises from simple to complex, overcoming
the limitations of the limit calculation method, such as the method using Lopital’s rule, the method using
the equivalence function, infinity.
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