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TOM TAT

C6 thé noi réng ly thuyét diém bét dong duroc khéi phét ttr cong trinh nghién ctu cla Brouwer
nd&m 1912 va Banach ndm 1922. Trong d6, Nguyén ly diém bat dong Banach déng vai tro trung tam
cta ly thuyét nay, né cé thé cho ching ta mét diéu kién du dé mot anh xa tir khbéng gian metric day
du vao chinh né cé diém bat dong duy nhét. Nguyén ly diém bét déng Banach con la céng cu quan
trong dé nghién ctru sw ton tai nghiém ctda phwong trinh vi phan, hé phuong trinh tuyén tinh, phwong
trinh tich phédn va mét sé (ng dung khac. Bai béo nay, tac gid cai tién Nguyén ly diém béat déng
Banach duéi khia canh ndi suy trén khéng gian b-metric manh. Bang céch str dung khai niém noi
suy, tac gia dé xuat mot dang anh xa co méi trén khdng gian metric suy roéng. Két qua thu duoc trong
bai bdo la tébng quat so véi két qud cta Kannan. Ngoai ra, mét vi du dé minh hoa cho két qué ly

thuyét ciing duoc thiét 1ap.

T khéa: Diém bét déng, b-metric manh, khéng gian b -metric manh, anh xa co kiéu Kannan noi

suy.

1. DAT VAN BE

Song song v&i viéc nghién ctu sy ton tai
nghiém cula cac phwong trinh vi phan thuwong,
dinh ly diém b4t dong cGa Banach doéng vai trd
trung tdm trong ly thuyét diém béat doéng trén
khéng gian metric. Do d6, nhiéu tac gid da cai
tién, mé& rong va khai quat héa dinh ly diém bat
déng cha Banach theo nhiéu huwéng khac nhau
(xem [1] va hang tram tai liéu tham khao trong
do). Mat khac, nam 1968, R. Kannan [2] da
chirng minh dinh ly sau.
Pinh ly 1.1. Cho (M, P) la mdt khdéng gian
metric day di va T 1a moét anh xa tr M vao
chinh né thda man diéu kién:

P(Ts,To)<n[P(s,Ts)+P(v,To)] (1)

V& moi c,veM va 776[0,%). Khi d6, T ¢6

diém bét dong duy nhat ¢ eM va véi méi
ceM day Igp {T"c} hoitu dén ¢,

L&p anh xa théa man diéu kién (1) dwoc goi
la &nh xa co Kannan. Khéng giéng nhw I&p anh
xa co cd dién cta Banach - vén ludn lién tuc, thi
anh xa co Kannan khong nhét thiét phai lién tuc.
Tinh chét nay thé hién sw khac biét rd rang gitra

hai |&p anh xa (xem [3]) va né da mé& ra hwéng
nghién ctru méi, dang chu y trong ly thuyét diém
bat dong trén cac khong gian metric. M6t tinh
chét ndi bat va quan trong clia anh xa Kannan la
c6 thé mé ta tinh ddy di cha khong gian metric
theo tinh chéat diém béat déng cta anh xa. Diéu
nay dwgc Subramanyam [4] chirng minh nam
1975, nghia la: mét khéng gian metric la day du
khi va chi khi moi énh xa Kannan trén dé déu cé
diém bat déng duy nhét. Tinh chat nay khong
con dung déi véi anh xa co theo nghia Banach
(xem [5]). Chinh sy khac biét nay da thu hut sw
quan tam sau rong cta clGa nhiéu tac gia, thuc
day hang loat céng trinh nghién ctu ca trong
nwéc va qubc té (xem [7 — 11]...). Nam 2014,
Kirk va Shahzad [6] gi¢i thiéu khai niém khong
gian b-metric manh, day la mét tbng quéat héa
thire sy clia khai niém khdng gian metric. Song
song do, cac tac gia da phat trién nguyén ly
diém bat déng clia Banach trén 1&p khong gian
b -metric manh. Bai bao nay gidi thiéu khai niém
anh xa co kiéu Kannan néi suy trong khéng gian
b-metric manh va phat trién mot phién ban mé
rong ctia Pinh ly 1.1 trén khéng gian nay.

2. NOI DUNG NGHIEN cl’U
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2.1. Kién thirc chuan bi
Trong muc nay, tac gid nhac lai mot sé khai

niém quan trong cda khéng gian b -metric manh,
can thiét cho két qua nghién ctru.
Pinh nghia 2.1. [6] Goi M la mét tap khong
rbng va K=>1 la moét sbé thuwc. Anh xa
Q:MxM —> R, dwoc goi la mét b-metric manh
trén M néu cac diéu kién sau dwoc thda man:

1) Q(g,0)=0 néu va chinéu ¢ =uv;

2) Q(g,u)zQ(u,g) v&i moi ¢,veM;

3) Q(g,U)SKQ(g,w)JrQ(l//,U) véi  moi
S0, eM.
Khi do, bd ba (M, Q, K) duoc goi la khong
gian b-metric manh.
Dinh nghia 2.2. [6] Cho (M, Q, K) la mot
khong gian b-metric manh, {,}
trong M va ¢ € M. Khi do:

. la mot day
1) Day {¢,} _, duoc goilahoitu dén ¢ néu
limQ(gn,g) =0. Ki hiéu |4 lim¢, =¢.
2) Day {g,} . duoc goi la day Cauchy
trong M néu lim Q(s,.s, )=0.

3) Khong gian b-metric manh (M, Q, K)
dwoc goi la khéng gian b -metric manh day du
néu moi day Cauchy trong M a hdi tu.

2.2. Két qua chinh
Tac gia bat dau két qua bang viéc dua ra

dinh nghia anh xa co kiéu Kannan ndi suy trén
khéng gian b -metric manh nhw sau.

Dinh nghia 2.3. Cho (M, Q, K) 1a mot khong
gian b-metric manh. Ta ndi réng anh xa
T:M—>M la mot anh xa co kiéu Kannan noi
suy néu ton tai cac hang s6 ne[0,1) va
a €(0,1) thda man diéu kién:

l-a

Q(Tg,Tu)Sn[Q(g,Tg)Ja -[Q(TU,U)] )
véimoi g, ueM va ¢=Tg, v=To.
Dinh ly 2.4. Cho (M, Q, K) |a mot khong gian

b -metric manh déy did va T la moét anh xa co

kiéu Kannan ndi suy. Khi d6 T cé diém bat dong
trong M.
Chirng minh

Gid st ¢, € M. Ta xay dung mét day {g,} .
theo quy tac ¢,,, =T"g, v&i moi n>0. Khong
mét tinh tbng quat, giad st rang ¢, #¢,,, V&i Moi
n>0. That vay, néu tén tai mot sé tw nhién n,
sao cho ¢, =¢, ., =T, thi ¢, Ia motdiém bat

dong ctia T. Do do, ta co

Q(gn’Tgn ) = Q(gn’gnﬂ) > O’
v&i méi n>0. Theo gia thiét ta cé

Q(grﬁl ’gn ) = Q(Tgn ’Tgrﬁl )
<n[Q(s,.7¢,) ] [Q(6,Tc, )]

=1[Q(s,06.)] " [Q560)]"

suy ra

l1-a

[Q(5,.6)] “<n[Qc006)] B

voi moi n>1. Diéu nay ching t6 {Q(g, ,,¢,)} 1a

mot day gidm cac sb khdong am va hoi tu. Két

qua |4 ton tai hang sb dwong 7 sao cho
limQ(g, .6, )="1.

Ta s& chirng minh rdng 7 =0. That vay, tir (3)
va vi Q(g,.5,,)>0 v&i méi n>1, ton tai
17 €[0,1) sao cho
Q(6,46,0) S16,06,)<7"Q60061) @)
LAy gi&i han khi n — « ta dwoc 7 =0. Do do,
}liglcﬂ(gn_pgn)=0-

Budc tiép theo, ta s& chirng minh rang {c,}

la mot day Cauchy trong M. Ap dung bat dang
thirc tam gidc va cac bat dang thirc trong (4) voi
m>n, tacod
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Q(gn’gm)gKQ(gn’ngl)+KQ(gn+l’gn+2)+'”
+KQ(GW*Z’GWI*l)+Q(g}n*1’gm)
<Kn"Q(60,6) + Kn""'Q(gp.6,)
+K1"7Q(656, )+ 1" Q(50561)
SZ—UKQ(%,Q)M”’IQ(go,gl)—W,
khi m,n — . Diéu d6 chirng té {gn}neN la mot

day Cauchy trong M. Vi M la mét khéng gian
b -metric manh day dd nén ton tai ¢ €M sao

cho limQ(g,,¢") = 0.

n—»0
Cudi ciing, tachirarang ¢' €M la mot diém bat
dong cta T. That vay, theo gia thiét ta c6
Q(g*,Tg*) < Q(Tgn,Tg*)+ KQ(Tgn,g*)

<n[Q(s,.Ts,) ] [Q(s".T6) | "+ KQg,067).

(5)
L4y gi¢i han khi n — o« trong bat dang thirc (5),

ta thu dugc Q(¢".7¢")=0. Diéu nay ching o
T¢ =¢". Vivay, ¢ eM la mot diém béat dong
cia T.

Nhan xét 2.5. Cha y ring, diéu kién cua 4nh
xa co kiéu Kannan ndi suy trong Pinh 1y 2.4
cia bai bdo, hang s6 7e(0,1) trong khi d6 &

Pinh 1y 1.1 cua Kannan n6 bi gidi han béi %

Hon thé, vi du sau ddy cho thiy Dinh 1y 2.4 1a
ap dung duoc, nhung Dinh 1y 1.1 thi khong.

Vi du 2.6. Liy M ={1,2,3} va dinh nghia mot

b-metric manh Q:MxM — R, nhu sau:

Q(g,g)zO, V¢ eM; Q(1,2)=Q(2,1)=%;
Q(1,3)=Q(3,1)=5 Q(2,3)=0(3,2) = 4.
Xét anh xa T:M —->M duogc dinh nghia boi
Tl=1, T2=1, T3=2. D& thay, (M, Q, 3) 1a mot
khong gian b-metric manh ddy du nhung
khong 1a khong gian metric vi

2,

2

Do do6, Pinh 1y 1.1 khong 4p dung dugc. Mat
khac, véi moi c,oeM\{l} va nz%, a=é,
khi d6 anh xa T thoa min cac diéu kién cia

5=0(3,1)>Q(3,2)+Q(2,]) =

DPinh Iy 2.4 va T c¢6 mot diém bat dong ¢ =1.

3. KET LUAN VA KIEN NGHI

Bai bdo nay nghién ctru vé mot loai 4nh xa
co méi, d6 1a anh xa co kiéu Kannan noi suy
trén khong gian b-metric manh day du. Két
qua chinh cua bai bdo 1a mgt mo rong Dinh ly
1.1. Hon nita, Vi du 2.6 chimg to ring mé rong
d6 1a mét md rong thuc su. Trong tuong lai,
tac gia dé& xuat cac hudng nghién ctru sdu hon
cho cac két qua nay trong khong gian b -metric
manh khong day du va cac tmg dung cia
chung vao sy ton tai nghiém cua cac phuong
trinh vi phan.
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ABSTRACT:

It can be said that fixed-point theory originated from the research of Brouwer in 1912 and Banach
in 1922. Among these, Banach's Fixed Point Theorem plays a central role in this theory, providing a
sufficient condition for a mapping from a complete metric space into itself to have a unique fixed
point. Banach's Fixed Point Theorem is also an important tool for studying the existence of solutions
to differential equations, systems of linear equations, integral equations, and various other
applications. In this paper, we improve Banach's Fixed Point Theorem from an interpolation
perspective in strong b -metric spaces. By using the concept of interpolation, we propose a new type
of contraction mapping on extended metric spaces. The results obtained in the paper are
generalizations of Kannan's results. Additionally, an example is provided to illustrate the theoretical
results.

Keywords: Fixed point, strong b-metric, strong b-metric space, Kannan-type contraction
mapping interpolation.
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