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Trong bai viét, tc gia trinh bay phuong phép gidi phwong trinh sai phan tuyén tinh hé sé hang.
Bao gom: ly thuyét vé nghiém cua phuong trinh sai phén tuyén tinh, phuong phép gidi phuong trinh
sai phan tuyén tinh hé sé hang. Céac két qua trén c6 duoc do tac gid thu thap, chon loc tai liéu tir cac
ngudn nhw giéo trinh, luén vén thac si, cac bai viét, gitip nguoi doc cé cai nhin téng quan vé phuong

phap gidi phwrong trinh.

Tir khoa: Cong thie, day sé, Iai suét, sai phan, tuyén tinh.

1. DAT VAN BE

Néu nhu phwong trinh vi phan da thé hién thé
manh clia nd trong viéc giai quyét cac md hinh
toan hoc véi bién lién tuc, thi trong mé hinh toan
hoc v&i cac bién roi rac, nguwdi ta st dung ly
thuyét phwong trinh sai phan dé giai quyét. Tuy
nhién, nguwdi doc it dwoc tiép can cac kién thirc
vé phuong trinh sai phan. Giao trinh viét vé
phwong trinh sai phan khéng nhiéu. Kién thirc vé
phwong trinh sai phan chd yéu dwoc trinh bay
sau trong cac luan van thac si, hoac dwgc trinh
bay don gidn qua mot sé bai bao viét vé giai
phwong trinh vi phan, nhung 1&i giai la két qua
clia viéc st dung hé qua cla kién thirc géc, hodc
doi khi l&i gidi kha phire tap, lam ngwoi doc kho
hinh dung, van dung va kho hinh thanh sy hiéu
biét day du vé phwong phap gidi phwong trinh vi
phan. Trong bai bao, tac gia trinh bay téng hop
phwong phap giai phwong trinh sai phan, gitp
ngudi doc ¢ cai nhin khai quat hon vé cac két
qué da nghién clru vé phuong trinh sai phan. T
do, cé thé giai cac bai toan vé phwong trinh sai
phan dé dang hon, dwa vao cong thirc va cac
phwong phép dé biét.
2. PHUONG PHAP NGHIEN Cl’U
2.1. Khai niém phwong trinh sai phan
2.1.1. Binh nghia phwong trinh sai phan .
Xét ham sb bién sb thwe x(t) va h > 0.
Phwong trinh

F(t, x(®),x(t + h), ..., x(t + nh)) = 0 (1)

goi la phwong trinh sai phan cép n.
2.1.2.Nghiém ctia phwong trinh sai phan.

M6t ham lién tuc x(t) dwoc goi la nghiém cla
phwong trinh (1) trén tap X néu thay né vao
phwong trinh (1) thi ta dwoc dwoc dang thic
dung trén X. [5, tr.7]

Trong bai viét, ta luén gia s h = 1, khi dé
phuwong trinh sai phan c6 dang

F(t,x(t),x(t+1),.,x(t+n)) =0

Twong tw phwong trinh vi phan, phwong trinh
sai phan ciing dwoc c6 khai niém diéu kién dau
va bai toan Cosi vé tinh tén tai va duy nhét
nghiém.

Phwong trinh sai phan dwgc chia lam hai loai
phwong trinh sai phan: phwong trinh sai phan
tuyén tinh va phi tuyén. Bai viét nay chi de cap
dén khai niém phwong trinh sai phan tuyén tinh.
2.1.2. Binh nghia phwong trinh sai phan tuyén
tinh

Xét phwong trinh: L(x()) = x(t +n) +
p1(x(t+n—1) +p,(O)x(t+n—-2)+-+
pa(Dx(n) = £ (D).

Neu f(t) = 0, ta c6 phwong trinh sai phan
tuyén tinh thuan nhat
x(t+n)+pOx(t+n—1)+p,(O)x(t+n—
2) + -+ pa(0)x(n) = 0(2)

’Néu f(t) #0, ta c6 phuong trinh sai phan
tuyén tinh khéng thuan nhat cap n, ta ki hiéu la
3.

Ta goi (2) la phwong trinh sai phan tuyén tinh
thuan nhat cla (3).
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2.2. Phwong trinh sai phan tuyén tinh thuan
nhét

2.2.1. Khai niém hé nghiém co ban

Céac ham ¢4 (t), p,(t), .. ,(pn(t) dwoc goi la doc
lap tuyén tinh trén tap X néu tir dang thire

C1p1(t) + Co02(t) + -+ Crpn(t) = 0, teX
= C, =015, tr.14]

Hé (2) khong thé& c6 nhidu hon n nghiém doc 1ap
tuyéen tinh.

taduwoc C; =C, =

Dinh nghia 1. Bt ki n _nghiém déc lap tuyén
tinh cla (2) dwoc goi la hé nghiém co ban.

Dinh ly 1: Tén tai hé nghiém co ban cia (2).

Binh 1y 2. Néu ¢ (), 92 (¢), ..., 9 (1) 12 he
nghiém co ban cuda (2) thi nghiém tong quat cua
(2) c6 thé viét duéi dang

x(t) = C1p1(t) + C22¢0,(t) + -
V&i C; 1a cac hang sbé tuy y. [1]

Crnpn(t)

2.2.2. Phuong trinh sai phan tuyén tinh thuan
nhat véi hé so hang

2.2.2.1. Binh nghia
Phuwong trinh cé dang

x(t+n)+px(t+n—1)+px(t+n—-2)+
+-+px()=0Vv&ip; ER,i=1,..,n,p, #0

(4) goi la phwong trinh sai phan tuyén tinh thuan
nhat v&i hé so hang.

2.2.2.2.B6 dé

Néu ham pharc u(t) + iv(t) la nghiém phic cia

phwong trinh (4) thi u(t), v(¢) cling la nghiém cua

(4) Phan thwc, phan do cla cac nghiém phic

cua’ (4) tao thanh cac ham la cac nghiém déc lap

tuyén tinh cta (4).

2.2.2.3. Cach giai

Gidi phwong trinh k™ + p k™1 + .-+ p, = 0 (5)
Phwong trinh nay goi la phwong trinh dac

trng cla (4). Nghiém cta phwong trinh (5) goi la

nghiém dac trung.

1) Néu (5) c6 n nghiém dac trwng phan biét,

phwong trinh (4) c6 n nghiém co ban k,*,

ks, ... kp' . Do d6 phucng trinh (4) c6 nghiém

tong quat la: x(t) = X1, ¢;k;". Trong do

¢; (i =1,..,n) la cac hang sb.

2) Néu (4) c6 cac nghiém d&c trung phan biét 1a

ky, ks, ..., k., vOi cac mi twong ng my, my,...,m,

v&i my + my+...+m, = n thi (4) c6 cac ngiém co

ban la kit, tkl't, . tmi_lkit,i = 1, v, T

Nghiém téng quat cla (4) la:
y(®) = {=1kit(ai0 +ajt +apt*+ -+
aimi_l tmi_l) [2]

3) Néu (5) c6 nghiém phtrc k c6 biéu dién hinh
hoc k = p(cose + ising) thi (4) cé nghiém phirc
kt = pt(coset + isingt), do d6 (5) c6 cac
nghiém doc 1ap tuyén tinh ptcoset, ptsinet.

Ta biét rang da thirc véi hé sé thuc néu co
nghiém phtrc thi cac nghiém phurc ton tai theo
tirng cép lién hop. Néu nghiém phirc nay 1a
nghiém bdi thi nghiém lién hop kia cling la
nghiém boi cung cap.

Céch xac dinh nghiém tdng quat cta (4) khi
(5) c6 nghiém phtec twong ty tredng hop 1) va
2).

2.2.2.4. Bai toan
Bai toan 1. Gidi phwong trinh
x(t+3)—-3xt+1)+2=0 (6)

Giai. Phwong trinh dac trung k3 — 3k +2 =0 cé
cac nghiém la 1 va -2, trong do6 1 la nghiém bbi
cép 2, (-2) 1a nghiém don, do d6 (6) c6 hé nghiém
co ban la 1%,t.1¢,(=2)t. Vay nghiém tdng quéat
cla phuwong trinh (6) la

x(t) = ¢1. 1" + ¢ t. 18 + ¢5 (—2) hay

x(t) = ¢y + ct + ¢35 (=2)

c1,¢,, C3 14 hang sb.

Bai toan 2.

Gidi phwong trinh: x(t + 2) + 4x(t) =0 (7)

Giai. Phwong trinh dac trung k?+4=0 cb
nghiém k, = 2i = 2 (cos§+ ising),k2 =—2i=
2(cos§ —isin g).

Vay (7) c6 nghiém téng quat

x(t) =2t (clcos + ¢,sin ) c1,¢; la hang sb.
Bai toan 3. Giai phwong trinh:

x(t+4) +8x(t +2) + 16x(t) = 0 (8)

Giai. Phwong trinh dac trwng (k2 + 4)2 =0

c6 nghiém k; =2i =2 (cos% + ising),kz =
—2i=2 (cosg - ising) d&u 1a cac nghiém bdi 2,
vay phuwong trinh (7) c6 nghiém téng quat

x(t) =2¢ (clcos%t + czsin%t + cgtcos%t +

. t e N M X
cﬂsm%) VOi ¢y, 5, €3, 4 1a hang sO.

JOURNAL OF SCIENCE AND TECHNOLOGY QUI, VOL.02, N2 04, 2024



TAP CHi KHOA HOC VA CONG NGHE QUI, TAP 02, SO 04, 2024 KHOA HOC CO’ BAN

2.3. Phwong trinh sai phan tuyén tinh khong

1/1 1
thuén nhét AC;(3) =C,(4) —C,(3) = §(_ - _)

3 7
Phwong trinh sai phan tuyén tinh ciing cé cac _ 111
tinh chét giéng tinh chat phwong trinh phwong AL =GB -GMW = §(Z - §)

trinh vi phan tuyén tinh khong thuan nhét, va
cling dwoc giai bang phwong phap bien thién
hang so hay con goi la phwong phap Lagranger AC,(t—1) = C(t) = C(t—1) =2 (_ _ L)

i t-1  t+3
2.3.1. Binh ly 3. Néu x*(t) la nghiém riéng cua

(3) va <p1(t)t (%) ®), ..., (pn(t) la hé nghlém co ban Cong cé&c vé cla cac dang thre trén va |ay

Cc,(1) =0, ta dwoc

cta (2) thi nghiém tbng quéat ctia phwong trinh A o1 43
) la 11 1 1vl 1o 1
GO=2 5GP 80k 5

x(t) = x"(t) + c101(t) + c202() + - crpn(t) . k=1, k=1 m=5
V&i c4,¢p, ...cy la hdng sb tuy y. [2, 5] 121_1 1_
2.3.2. Binh ly Lagranger. 8 k=1k 8m=tm
N ©), 0,0 ©lah . 11+1+ +1 1 1 1 1

eu @4(t), p,(t), ..., p,(t) la hé nghiém co s& =—( sttt ——— - - )
cta (1) thi nghiém riéng ciia (2) c6 thé tim duoc Blg 2 3t prl 2 43
ﬁffflcda(?)g(px(t()t) = Gleu (0 + C(0ea(0) + ~8 [12 t o t+1 t+2 t+3
T nd’ " Twong tw, chon C,(1) = 0, ta dwoc

rong d6 S o

P1(t+ DACL(E) + -+ ot + DACL(H) = 0 o= D
@1(t + 2)ACL(t) + -+ @p(t + 2)AC, () = 0 &8 ko kt+4
t—-1 t+3
1 _1)k 1 (_1)k

Pt +WACD + -+ gu(t +WAC(D) = f(£) =5 ) =g ) =
[5, tr. 28], véi AC;(t) = C;(t + 1) — C;(t), i=T,n ) ! 1) 1’?535 .
Bai toan 4. Giai phuo’ng trinh = gk ; X 8 " m =

—_ = m=

x(t+2)—x() = t2+t .(9) ~ 1[-7 (=1t . (-1t (=Dt (=1t
Giai. Giai phwong trinh d&c trwng clia phuong 8|12 t t+1 t+2 t+3

trinh tuyén tinh thuan nhat twong wng Thay C,(£), C, (¢) vira tim duoc va thay ¢ (£) =

k? —1=0tadwoc nghiém k; = 1;k; = -1, 1¢,¢,(t) = (=1 vao cong thirc

vay phwong trinh thuan nhat twong ng cé hé nghiém tdng quét

nghiém co s& ¢, (t) = 1%, ¢, (t) = (-1)°. Vay .

mot nghiém riéng clia phwong trinh thuan nhat x(t) = x"(t) + c1901(8) + c200,(8) =

twong trng c6 dang x *(t) = C,(t) + C,(0)(—1)¢ =C(t) + C_zA(t)(;l)t+€1<P1’(f) +C2¢02(1).
V&i C,(t), C,(t) thod man diéu kién ta dwgc nghiém tong quat cua phwong trinh (9)
la
1 t+1 —
AC,(t) + (D' AC,(t) =0 < _E[E_E_L_L_L].F
ACl(t) + (—1)t+2AC2 (t) = t2—+4t t t+1 t+2 t+3
Giai hé béng phwong phap dinh thire ta dwoc +1 [ _& 1)t 4+ & Dt 1)t GEON ] (-1)¢ +
12 t+1 t+2 t+3
1 1,1 1 )t
- - o (z__- +c1 + ¢y (— 1 , V&i ¢4, ¢, 12 hdng sb tuy .
AGO) 2(t% + 4t) 8<t t+4) e i : ZA L )
(-1t 1 /(-1 (=1t 2.3;3. PhAy’cmAg tEInfl sai phanﬂtuyg_n tlnh khong
AC,(t) = CEY N §.< ] 4> thuan nhat hé s6 hang véi vé phai dac thu.
1/1 1 Theo [5], phwong trinh sai phan tuyén tinh
AC(D) = G(2) -6 = g(] - g) khong thuan nhét hé sb hang v&i vé phai co
11 1 dang dac thu duwéi day cé thé tlm dwoc theo
AC;(2) =C,(3)—C,(2) = g(E - E) cach don gian hon ma khéng can st dung dinh

y Lagranger.
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Xét phwong trinh x(t + n) + ax(t +n—1) +
-+ apx(t) = f(¢) (10),

véia; €ERa, #0vaf(t) =
Pt (Qum, () cos @t + Qp, (t) sin pt), trong d6
Qm, (t), Qi (t) & da thirc c6 béc twong ng
my,mp

Ham vé phai cta (10) goi la ham d&c thu.
Néu A = p(cos ¢ + isin ¢) 1 nghiém bdi s cla
phwong trinh dac trwng cda (10). Khi d6 nghiém
riéng cda (10) c6 thé tim dwoc dudi dang
x*(t) = t5p* (B, (t) cos gt + Q,,(t) sin pt), m =
max{m,, m,}, trong dé P, (t), Q,,(t) la cac da
thirc bac m theo t.

Néu 1 = p(cos ¢ + isin ¢) khdng la nghiém boi s
clla phwong trinh dac trwng cta (10). Khi d6
x*(t) = p*(Bn(t) cos gt + Qyy (£) sin pt)

m = max{m,, m,}

Trong trwdng hop dac biét, f(t) c6 dang
f(t) = Qm, (t) 1a da thirc, day chinh la trwdng
hopp=1,¢ =0,Qp, () = 0. O truong hop
nay, ta sé kiém tra xem A = 1. (cos 0 + isin 0) tic
la A =1 co6langhiém cla da thirc dac trweng
hay khéng. Néu la nghiém béi s thi phwong trinh
c6 nghiém riéng dang x *(t) = t°. P, (t), néu
khoéng la nghiém thi phwong trinh cé nghiém
riéng dang x*(t) = B,(t).

Néu f(t) = kpt, v&i k 1a hang sé. Pay la
trwong hop @, (t) = k la dathiec bacOva ¢ =
0, ta sé& kiém tra xem A = p(cos 0 + isin 0) hay
A = p cé la nghiém cda phwong trinh dac trwng
hay khéng. Tt d6 suy ra nghiém riéng c6 dang
x*(t) = kpthodc x *(t) = ktSpt.

Néu f(t) co dang f(t) =acosot
day la trwong hop Q,,, (t) la da thire bac 0, tie
la héng sb, con @, (t) =0, p = 1, ta s& kiém tra
xem A = 1(cos ¢ + isin ¢) c6 la nghiém bdi s cla
da thiee dac trwng hay khéng, tr dé suy ra dang
cla nghiém riéng la

x*(t) = Acos ¢t + Bsin ¢t

hodc x *(t) = t5(A cos ¢t + Bsin ¢t)

Dé tim nghiém riéng, ta thay nghiém riéng
vao phuwong trinh ban dau (10), tim cac tham so
trong nghiém riéng dé cé déng nhat thirc.

Bai toan 5. Giadi phwong trinh
x(t+2)—2x(t+1)+x(t)=2t+1.(11)

Gidi. Phwong trinh dac trwung k2 — 2k + 1 =0 co
nghiém kép k; = k, = 1,do d6 ¢,(t) =

1, @, (t) = t la hé nghiém co s& clia phwong
trinh thuan nhéat twong tng.

Vi f(t) = (2t + 1).1%, v&i 1 la nghiém bdi 2 cua
(11) nén nghiém riéng cta (11) c6 dang x; *(t) =
t2.(at + b) = at® + bt2.

Thay x; *(t) vao phwong trinh (11) ta c6
dwocia(t +2)3 + b(t +2)? — 2[a(t + 1)3 +
b(t + 1)?] + at3 + bt? = 2t + 1.

hay 6at + 6a + 2b = 2t + 1.

DPdng nhét thirc hai vé ta dwoc a = g,b = —%,
do dé mét nghiém riéng tim duwoc la

X "(E)(8) = 53—t

Vay nghiém tdng quat ctia phwong trinh (11) 1a
x(t) = ¢ + cat + 5% —2t2, Vi ¢4, ¢, la héing s6
tuy y.

C6 nhiéu tai liéu trinh bay két qua trén bang
cac cach khéc nhau, hoac déi khi két qua dwoc
trinh bay bang cac liét ké, phan loai cac truwdong
hop, doi khi dan dén kién thirc tré 1€n rudm ra,
nguwdi doc khdng hiéu kien thire cot 16i va khdng
gidi quyét dwoc cho tinh hudng khac. Vi duy,
theo [1], tac gia xay dwng cac cong thire cho
phwong trinh sai phan tuyén cap 1, 2 theo hai
chuong, ket qua trinh bay kha dai, vai cong
thtre (10), ngwdi doc hoan toan c6 thé nhé va
biét cach xay dwng cong thirc va phwong phap
gidi cho phwong trinh sai phan tuyén tinh cap n
tuy y.

D& minh hoa cho phwong phap dwoc trinh
bay trong 2.3.3, tac gia trinh bay mét trong cac
dang bai toan c6 trng dung rong réi trong thuc té
la bai toan ve lai suat, trong d6 co6 dwa ra hai 1
gidi dé ngudi doc ¢ thé so sanh.

Bai toan 6. Ngay mung 5/1/2020 bac Hung vay
ngan hang 50 triéu dong v&i lai suat kép la
0,6% / thang. Bang ngay mung 5 dau thang, ké
tlr mot thang sau khi vay, bac Hung dén tra
ngan hang 3 triéu dong. Hoi sau bao nhiéu
thang bac Hung trd hét ng ngan hang.

Giai.

Céch 1. Goi sb tién con lai sau t thang & x(t)
(triéu ddng), ta c6 x(t + 1) = x(t).1.006 — 3

Hay x(t + 1) — x(t).1,006 = -3

Phwong trinh dac trwng k — 1,006 = 0 co
nghiém k = 1,006 . Bay la trwong hop phuong
trinh sai phan tuyén tinh c6 vé phai d&c thu voi
p=1¢=0m=0, Py, (t)ladathkc bac 0. Vay
nghiém riéng cta phwong trinh 1a x *(t) = P, voi
P, 1a hang sb. Do dé phwong trinh c6 nghiém
tébng quéat x(t) = c.1.006! + P, . Thay

x(t) = ¢.1.006" + P, vao phwong trinh ta cé

(c.1.006+1 + P,) — (c. 1.006¢ + P,)1.006 = —3
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Ta duoc Py = —— = 500, do d6 x(t) =

¢.1,006% + 500. Thay diéu kién ban dau x(0) =
50 ta dwoc C=-450. Vay x(t) = —450.1,006¢ +
500.

x(t)=0 khi t = 1og1,006% ~ 18 . Vay bac Hing
trd xong ng ngan hang sau 18 thang.

Céch 2. Goi sb tién vay ban dau la x, n la sé
thang phai tra, A |a sb tién phai tra hang thang
dé sau n thang hét no. Ta c6

Sé tién gbc cubi thang 1:
N+Nx—A=N(kx+1)—-A
Sé tién gbc cubi thang 2:

[N(x+1)—Al++[N(x+1)—Alx —A=N(x+
D2—A[(x+1) +1]

Cubithang n: N(x + 1) — A[(x + D' +
Fx+ D2+ (e + 1) + 1]

Tra hét no sau thang thr n, sb tién sé bang 0.

Taco: N(x+ D" =A[(x+ D" 1+ +(x +
D24 (x+ 1)+ 1]

Paty =x+1 = 1,006 ta dugc
Nyn — A[yn—l + _|_yn—2 + ey + 1]

Ny™ = A—l:;n & Nxy" =A(y" —1)

TAI LIEU THAM KHAO

= 50 0.6 n=3("-1) n_ 10
‘100 TV Y =7

©n=log,~. Vayn~ 18

Véi cach 2, ta phai xay dwng quy luat ctia
day sb. Khéng phai trwdng hop nao ta ciing dé
dang phat hién quy luat ctia day sé, vi vay 1o
gidi twong déi phire tap. Cach 1 st dung
phwong phap gidi phwong trinh sai phan tuyén
tinh v&i hé sé hang, bai toan tré nén don gian.
Hon niva, ta c6 thé dé dang giai dwoc bai toan
trong tinh hudng dé bai thay déi.

3. KET LUAN

Trong bai viét, tAc gid da trinh bay khai quat
va twong ddi toan dién cac van dé lién quan dén
phwong trinh sai phan tuyén tinh hé sé hang,
cung cac vi du minh hoa dién hinh, giup nguoi
doc c6 céi nhin hé théng vé ly thuyét phuong
trinh sai phan tuyén tinh hé s hang. Nhiéu tai
liéu trinh bay cach gidi phwong trinh sai phan
(théng qua bai toan day sb) kha phirc tap, bai
viét nay c6 thé giup ngudi doc coé dinh hwéng
rd rang va don gian khi giai phwong trinh sai
phan tuyén tinh hé sé hang, tranh duoc viéc
phai st dung cac meo hay phwong phap phtrc
tap khac.
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ABSTRACT:

In the article, the author presents an overview of the method for solving linear difference equations
with constant coefficients. Including: theory of solutions of linear difference equations, method of
solving linear difference equations with constant coefficients. The above results were obtained by the
author collecting and selecting documents from sources such as textbooks, master's theses, and
articles, helping readers have an overview of the method of solving equations, thereby determining
Quickly guide how to solve problems related to difference equations.
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