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BIEM BAT DONG CUA ANH XA KIEU KANNAN BO1 VO1 HAM DIEU KHIEN

TOM TAT

Lé Thanh Tuyén
Trwong Pai hoc Céng nghiép Quang Ninh
Email: lethanhtuyen@qui.edu.vn

Muc dich cta bai bao nay la mé rong céc két qué ctia R. Kannan [1] va J. Gécrnicki [2] cho I6p khdng
gian b- metric manh. Cu thé, chung t6i str dung ham diéu khién dé thiét Iap mot sé diéu kién di dé anh xa
kiéu Kannan c¢6 duy nhét diém béat dong va day Iap Picard héi tu vé diém bat déng trong khéng gian b-

metric manh.

T khoa: diém bét dong, &nh xa co, anh xa kiéu Kannan, khéng gian metric, khéng gian b-metric manh.

1. DAT VAN BE

Nam 1968, R. Kannan [1] da chirng minh dinh
ly sau day.

Dinh Iy 1. [1] Cho (X, d) la khéng gian metric
day da va anh xa T tir X vao chinh né. Gia st ton

taihangsbr € [0, %) sao cho véimoi a, b € X ta co:

d(Ta, Th) < r(d(a, Ta) + d(b, Th))

Khi dé, T cé diém bat ddong duy nhéat. Hon thé,
véi méi a € X day 18p T"a hoi tu vé& diém bét
dongcla T.

Anh xa théa man gia thiét ctia Dinh ly 1 dwoc
goi la anh xa Kannan. Trong két qua ctia Kannan
6ng da chi ra mét trwong hop cu thé cla anh xa
Kannan la khong lién tuc. Mot (’ng dung quan
trong ctia anh xa Kannan la cé thé mé ta tinh day
di cltia khéng gian theo tinh chat diém béat dong
clia anh xa. Do dé, I&p anh xa trong Binh ly 1 cla
Kannan da thu hut s quan tam nghién clru cla
nhiéu tac gia trong va ngoai nuwéc nhw J. Gornicki
[2], G. Hiranmoy va cong s [3] va nhiéu tac gia
khac.

Ta ki hiéu cac |6p ham diéu khién sau day:

s={f:(0,00) > [o%) £ (t) > 2 kéo theo t, - 0
khin — oo}.

H = {(p: (0,00) - [0,;) co(ty) —>§ kéo theo t,, —»
0 khin — oo},

Bang viéc st dung 1&6p cac ham diéu khién
trén, nam 2018, J.Goérnicki da chirng minh dwoc
céac két qua sau day:

Dinh Iy 2. [2] Cho (X, d) la khéng gian metric
day dd va anh xa T tlr X vao chinh né. Gia stv ton
tai ham f € S sao cho v&i méia,b € X vaa # b,
ta luén co

d(Ta, Th) < f(d(a,b))(d(a, Ta) + d(b, Th))

Khi do, T cé diém bat déng duy nhat. Hon
thé, voi mbi a € X day I3p T"a hoi tu v& didm bét
dongclaT.

Dinh ly 3. [2] Cho (X, d) la khdng gian metric
day dd va anh xa T tlr X vao chinh né. Gia st ton
tai ham ¢ € £ sao cho véiméia,b € X va a # b,
ta lubén co

d(Ta, Th) < ¢(d(a, b))(d(a, Ta) + d(b,Th)
+d(a b))

Khi do, T cé diém bat déng duy nhat. Hon
thé, v&i méi a € X day l&p T"a hoi tu vé diém bt
dongclaT.

C6 thé thay cac két qua trén cta J. Gornicki
la m& réng va phat trién Dinh ly 1 clia Kannan.
Trong bai bao nay, ching t6i mé& réng Dinh ly 2
va Dinh ly 3 cho khdng gian b- metric manh.
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2.NOI DUNG

DA4u tién, chung t6i nhac lai mot sb khai niém
va tinh chét cia khéng gian b-metric manh.

Dinh nghia 1. [4] Cho X la mot tap khac réng
va sd thwc K > 1. Ham D: X x X — [0; +0) duwoc
goi la b-metric manh trén X néu:

(D1) D(a,b) = 0 néu va chi néu a = b;

D2) D(a,b) = D(b,a) v&i moi a,b € X,

(D3) D(a,b) < D(a,c) + KD(c,b) v&i moia,b,c €
X.

Khi do, cap (X,D,K) dwoc goi la khéng gian
b-metric manh.

Dinh nghia 2. [4] Cho (X, D, K) la khéng gian
b-metric manh, {a,,} 1a mot day cac phan t& trong
X va a € X. Khi do:

(i) Day {a,} dwoc goi 1& hoi tu dén a néu
lim,_,,D(a,,a) =0. Ta ki hiéu lim,.a, =a
hoac a,, » a khin — oo.

(i) {a,} dwoc goi 1a day Cauchy trong X néu
limy, 100 D(ay, @) = 0.

(iii) Khéng gian b-metric manh (X, D, K) dwoc
goi la khéng gian b-metric manh day di néu moi
day Cauchy trong X la hdi tu.

(iv) Khdng gian b-metric manh (X, D, K) dwoc
goi la khoéng gian b-metric manh compact néu
moi day trong X déu chira mdt day con hoi tu.

Ménh dé 1. [4] Cho {a,} |a mot day cac phan
tlr trong khong gian b-metric manh (X,D,K) va
gia st

[o¢]
Z D(aj ai41) <
i=1

Khi d6 {a, } 1& mét day Cauchy.

Ki higu s = {f:(0,) - [0,3): f(ta) - 5 kéo
theo t,, » 0 khin — oo}.
= {(p: (0,0) - [O,g) (o(ty) —>§ kéo theo ¢, »
0 khin — oo}.

S dung I&p cac ham diéu khién trén ching
t6i m& réng két qua clta J. Gé rnicki [2].

Dinh ly 4. Cho (X,D,K) la khéng gian b-
metric manh day du va anh xa T t& X vao chinh
né. Gia st rang ton tai ham f € S sao cho v&i moi
a,b € Xvaa =+ b,taludn co

D(Ta,Th) < f(D(a,b))(D(a,Ta) + D(b, Th))

Khi @6, T cé diém bat dong duy nhét. Hon
thé, v&i mdi a € X day 13p T"a hoi tu v& diém bét
dongcia T.

Chirng minh. Chon a, € X va ta dinh nghia
day {a,} trong X b&i coéng thirc a,,, = Ta, VoI
moi n > 0. Néu c6 mot s6 tw nhién n ndo dé thda
man a,.1 = a, thi a, 1a diém bat déng cta T. Do
do, gia st rang a,.., # a, v&i moin > 0. Ta dat
D,, = D(a,, ay+1) v&i moi n > 0. Theo gia thiét, ta
co
Dyi1 = D(ans1,any2) = D(Tay, Tanyq)

< f(D(an, an+1))(D(an, Tay) + D(ans1, Tans1))

1

<5 (D(an Tan) + D(ans1, Tans1))
1

- E (Dp + Dyy1),n=10,1, ...

Tw d6 suy ra D,.; < D, v&i moin > 0. Diéu
doé chirng t6 {D,,} la mét day gidm cac sb thuc
khéng am va bi chdn dudi. Do dé, ton tai sb thuc
n > 0 sao cho lim,,_,,,D,, = 1. Gidastr n > 0. Theo
gia thiét, ta co

D(an+1,Any2) < f(D (an, an+1))(D(an' A1)
+ D(an+1, an+2))

v@imoin > 0. Tlr d6 suy ra

Dnyq

—< f(Dy),n=0,1,..
Dyt Dy < P01

Cho n —» «, ta thu dwoc lim,_f(D,) > %
B&i f € § nén lim,_,,,D,, =1 = 0. Mat khac, voi
m # n, ta co

D(ans+1, Ame1) < f(D(an, am))(D(anl Ans1)
1
+ D(am: am+1)) < E (Dn + Dm)
Cho duwoc

limy ;00 D(@ny1) @my1) = 0. VaAy {a,} 1a mét day
Cauchy trong X. Do tinh day du ciia X nén tén tai

n,m — oo ta
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a € X saocho lim,_,,a, = a.Khidovéin > 1,ta
co
D(Ta,a) < D(Ta,,Ta) + KD(Ta,,a)

< f(D(an, @) (D(ay, Tay,)
+ D(a,Ta)) + KD(a,,q,@).

Tl do suy ra
f(D(an @)

D(Ta,a) < T— f(Diaa) f(D(an, d)) n

D(an+11 d)

K
17 (0(a, )
v&imoin > 1. Chon - o ta dwoc Ta = a.
Gia st b ciing la diém bét déng cta T. Theo
gia thiét, ta c6
D(a,b) = D(Ta,Th)
< f(D(a,b))(D(a,Ta)
+D(b,Th)) =0
Vi vay D(a,b) =0 hay a = b. Vay T c6 diém
bat dong duy nhat @ € X. Binh ly dwgc chirng
minh.

Vi du 1. L&y X={0,12} va D:XxX -
[0, +0) xac dinh b&i
D(0,0) =D(1,1) =D(2,2) = 0,
1
D(0,1) =D(10) =,
D(0,2) = D(2,0) = 6,
D(1,2) = D(2,1) = 5.
Xét anh xa T:X - X dwoc dinh nghia bd&i
T0=0,T1=0,T2 =1, ham f € § dwgc cho bdi
-t
f(=1ee,t>0 va f(0)€ [o%) . Khi dé
(X,D,K = 2) lakhéng gian b-metric manh day di
nhwng khong la khédng gian metric vi

11
6 =D(2,0)>D(2,1)+D(1,0) = -
Do do, Pinh ly 2 khdong ap dung dwoc. Mat

khac, ta co

1 -1
D(T0,T1) = D(0,0) =0 < ;e

= f(D(0,1))(D(0,T0) + D(1,T1))

1 11 =5
D(T1,T2) = D(01) =5 < —-es

= f(D(1,2))(D(1,T1) + D(2,T2))

1 5
D(T2,T0) = D(1,0) =5 <o

=f(D(2,0)(D(2,T2)
+D(0,T0)).

Do dé, anh xa T thda man tat ca cac diéu kién
cta Dinh Iy 4. Dé thay T c6 diém bat dong duy
nhét hay @ = 0.

Pinh Iy 5. Cho (X,D,K) la khéng gian b-
metric manh day d0 va anh xa T tir X vao chinh
né. Gia st rang ton tai ham ¢ € H sao cho v&i
mbia,b € X vaa # b, taludn co

D(Ta, Th) < o(D(a, b))(D(a, Ta) + D(b, Th)
+D(a, b))

Khi @8, T cé diém béat dong duy nhét. Hon
thé, v&i méi a € X day I&p T"a hoi tu vé diém bt
dongcua T.

Ching minh. L4y a, € X va ta dinh nghia
day {a,} trong X b&i céng thc a,,, = Ta, VoI
moi n > 0. Néu ton tai s6 tw nhién n sao cho
An41 = Gp thi a, 1a diém bat dong ctia T. Do do,
ta gid st rang a,., # a, véimoin > 0.Dat D, =
D(ay, a,41) V&i moin > 0. Theo gia thiét, ta co:

Dyi1 = D(any1,nyz) = D(Tay, Tay,q)

< @(D(an, ans1))D(ay, Tay)
+ D(ap+1, Tan1)D(ay, anyq)

1
< § (D(anl an+1) + D(an+1' an+2) + D(anl an+1))

1
- § 2Dy, + Dpy1)in=0,1,...

Tw doésuyra D, < D, v&éi moin > 0. Vi vay
{D,,} 1a mét day gidm céac sb thwe khéng am va bi
ch&n duéi. Do d6 ton tai sé thuc n > 0 sao cho

lim D, =7

n—oo
Gia s rang n > 0. B&i gia thiét, ta co
D(an41,Aniz) < (p(D(an, an+1))(2D(anl Ani1)
+ D(an+1, an+2))
véi moin > 0. Diédu doé chirng o

Dniq

T (D), n=01,..
2D, + Dp. s < ¢Dn)n
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Cho n - « ta thu duwgc lim,,_ . @(D,) >§.
B&i ¢ € H nénn = 0. Vi vay lim,_,,,D,, = 0. Mat
khac, v&im # n, ta cod

D(Cln+1, am+1) < (p(D(an' am))(D(an' an+1)
+ D(am' am+1) + D(an' am))

1
< § (D(an' an+1) + D(am' am+1) + KD (anl an+1)

+D(an41, A1) + KD (ap, am+1))

Do do,
D(api1, Amyr) < ;_ ! (D, + D,,) v&i moim
# N
Cho n,m— oo ta dwoc

limy, oo D(@ni1, Ame1) = 0. Vay {a,} 1a mét day
Cauchy trong X. Do tinh day du clGa X nén ta c6
lim,,,,a, = a € X. Khi do,
D(Ta,a) < D(Ta,, Ta) + KD(Ta,, @)
< ¢(D(a,, @)(D(an, Ta,) + D(a,Ta) + D(ay, @)
+KD(ap4q,@) VOIiMoin > 1
T do ta co

¢(D(ay, @)

1-¢(D(an,@) "
¢(D(ay, @)
1- (p(D(an' &))

D(Ta,a) <

D(an, @)

+ D(a,.1,a) v&imoin > 1.
1—<p(D(an,d)) (n+1 ) v

Cho n — o ta thu dwoc Ta = a.

Gia st b ciing 1a diém béat déng cta T. Theo
gia thiét, ta co

D(a,b) = D(Ta,Th)
< %(D(d, Ta) + D(b,Th)
+ D(a, b)).

Diéu nay twong dwong voi
2 1 -
=D(@h) < (D(aTa) +D(b,Th)) = 0.

TwdosuyraD(ahb)=0haya=b.VayT co
diém béat dong duy nhat. @ € X. Pinh ly duoc
chrng minh.

3. KET LUAN

Puoc bat ngudn tr két qud cha Banach
chirng minh nam 1922, Nguyén ly anh xa co
Banach duwoc rat nhiéu tac gid trong va ngoai
nwéc quan tam phat trién bang hai cach:

Thay thé khéng gian metric (X,d) bang
khong gian tdng quét hon.

Thay thé diéu kién co bang cac diéu kién co
tdng quat hon.

Trong bai béo nay, ching téi thay thé hang sb
co r trong diéu kién co b&i ham diéu khién va
chirng minh trén khdng giam metric suy réng thu
duwoc cac két qua co6 ndi dung trong Pinh Iy 4 va
Binh ly 5. Hon thé, chung t6i lay vi du va chira
rang két qua ctia Banach va ctia kannan la khong
ap dung duworc.
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